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a  b  s  t  r  a  c  t

This  paper  proposes  a hybrid  variable  neighborhood  search  (HVNS)  algorithm  that  combines  the
chemical-reaction  optimization  (CRO)  and  the estimation  of distribution  (EDA),  for solving  the  hybrid
flow  shop  (HFS)  scheduling  problems.  The  objective  is  to minimize  the  maximum  completion  time.  In
the  proposed  algorithm,  a well-designed  decoding  mechanism  is  presented  to schedule  jobs  with  more
flexibility.  Meanwhile,  considering  the  problem  structure,  eight  neighborhood  structures  are  developed.
A  kinetic  energy  sensitive  neighborhood  change  approach  is  proposed  to extract  global  information  and
avoid being  stuck  at the  local  optima.  In addition,  contrary  to the  fixed  neighborhood  set in  traditional
VNS,  a dynamic  neighborhood  set update  mechanism  is utilized  to  exploit  the  potential  search  space.
stimation of distribution
ariable neighborhood search

Finally,  for  the  population  of local  optima  solutions,  an  effective  EDA-based  global  search  approach  is
investigated  to direct  the search  process  to promising  regions.  The  proposed  algorithm  is tested  on  sets
of  well-known  benchmark  instances.  Through  the analysis  of experimental  results,  the  high performance
of  the  proposed  HVNS  algorithm  is  shown  in  comparison  with  four  efficient  algorithms  from  the literature.
ntroduction

In modern manufacturing and production systems, production
cheduling plays an important role in increasing production effi-
iency and profit. In recent years, the flow shop scheduling problem
FSSP) has been investigated by more and more researchers because
f its important role in a realistic production systems. The hybrid
ow shop (HFS) scheduling problem, as one branch of the clas-
ical FSSP, is more complex because of the addition of machine
election. In 1988, Gupta proved that HFS is a NP-hard problem [1].
ecent and comprehensive reviews on HFS can be found in [2,3],
hich illustrate the published HFS literature before 2010. It can

e concluded from the two literature reviews that: (1) there are
ore than 200 current papers discussing the problem; (2) more
nd more algorithms, including exact algorithms, dispatching rules,
euristics, and meta-heuristics, have been used for solving HFS;
nd (3) HFS has played an important role in present production
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systems. For instance, in most production systems with a flexible
scheduling environment, such as the oil food, paper, textile, chem-
ical and cosmetic industries, HFS plays a key role and becomes
an important factor that can lead to improvements in production
efficiency.

The branch and bound (B&B) algorithm proposed for solving the
HFS was  published in 1970 (Rao [4]). After that, many published
papers have discussed the HFS with many different algorithms. We
can classify these algorithms by the stage size of the considered
problems. There are three types of problem, that is, two-stage,
three-stage, and m-stage. The two-stage problem is the HFS with
two consecutive stages, while the m-stage problem is the m stage
series.

To solve the two-stage HFS, in 1988 Gupta studied an HFS for
which there is only one machine at the second stage [1]. In 1991,
the B&B approach was introduced by Brash and Hunsucker [5]. After
that, many different types of approaches have been developed.
In 1994, Gupta solved the two-stage HFS problem with separable
setup and removal times [6]. In 2003, Lin and Liao [7] studied the
two-stage HFS problem with setup time and dedicated machines.

Lee and Kim [8] introduced the B&B approach to solve the two-
stage HFS with any number of identical parallel machines at the
second stage. Haouari et al. [9] considered the problem without
any machine number constraints at any stage.

dx.doi.org/10.1016/j.asoc.2014.07.005
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To solve the three-stage HFS, in 1998 Riane et al. [10] devel-
ped an efficient heuristic to minimize makespan in a three-stage
FS problem. Jin et al. [11] modeled a real printed circuit board
anufacturing system by a HFS with three stages, and solved the

roblem by GA. Carlier and Neron [12] proposed an exact algo-
ithm for solving the multi-processor flow shop. The benchmark
roblems generated by them were used by many studies as test
roblems. In 2004, Babayan and He [13] presented an agent-based
pproach for a three-stage HFS with identical parallel machines.

To solve the HFS with m-stages, in 1998 Portmann et al. [14]
ntroduced an enhanced version of the branch and bound algorithm
rossed with GA. In 2001, Neron et al. [15] proposed an algorithm
sing energetic reasoning and global operations for an HFS with up
o five stages. The HFS with multiprocessor task problems was stud-
ed by Oguz and Ercan [16] with a GA approach. Ruiz and Maroto
17] developed a GA for HFS with sequence dependent setup times
nd machine eligibility. Janiak et al. [18] applied three constructive
lgorithms and three meta-heuristics based on Tabu Search (TS)
nd SA, to solve the HFS with cost-related criteria. Niu et al. [19]
eveloped a quantum-inspired immune algorithm for HFS. In 2010,
ahraman et al. [20] investigated a parallel greedy algorithm for
olving the multistage HFS. Engin et al. [21] developed an efficient
A for an HFS with multiprocessor task problems. In 2012, Liao et al.

22] proposed an approach using PSO and bottleneck heuristic for
he problem. The other meta-heuristics were also used for solv-
ng HFS with multi-stages, such as ant colony optimization (ACO)
23,24] and artificial immune systems (AIS) [25,26].

Variable Neighborhood Search (VNS) is a recent and effective
eta-heuristic for solving both continuous and global optimization

roblems. By systematic changes of the neighborhood structures
ithin the search, VNS is capable of escaping from the local

ptima [27–43]. By simulating the behavior of molecules in chem-
cal reactions, an efficient chemical-reaction optimization (CRO)
lgorithm was proposed by Lam and Li [44] to optimize combi-
atorial problems. In recent years, CRO has been applied to solve
any continuous and discrete optimization problems [44–46]. The

stimation of distribution algorithm (EDA) was introduced by Müh-
enbein and Paaß [47]. In EDA, global statistical information was
xtracted from the current population. Meanwhile, a probabilistic
odel was constructed that represents the global information and

haracterizes the distribution of promising solutions in the search
egion [47–50].

In this study, we make a hybridization of the VNS, CRO, and EDA.
o enhance the exploration ability of the proposed algorithm, we
ssign a certain KE value for each individual solution. A kinetic-
nergy-based neighborhood change procedure is introduced that
an avoid being stuck at the local optima and thus further increase
he exploration ability. In addition, after collecting a group of local
ptima solutions by a VNS process, an EDA-based global search pro-
ess is performed on the local optima population to search global
ptimal solutions, which can further enhance the exploitation and
xploration ability of the proposed algorithm. The rest of this paper
s organized as follows: The Problem Formulation deals with the
ob/task allocation details together with the stage by stage work
ow. Next The Related Algorithms deal with how VNS was con-
trued by others. Then the technical approach is briefly discussed
n the The Proposed HVNS algorithm. Further, The Experimental
esults provide a fair account of results derived and compare them
ith other algorithms in the literature to demonstrate the perfor-
ance of HVNS. Finally, Conclusions provide a concise description

f solving the hybrid flow shop scheduling problem of our work.
roblem formulation

In an HFS, there are n jobs to be processed on m machines in
 predefined order. The m machines are grouped into k stages in
puting 24 (2014) 63–77

series. In each stage i, there are mi identical machines in paral-
lel, where mi ≥ 1, and there are at least two parallel machines in
one stage. Each job should visit each stage following the same pro-
duction flow: stage1, stage2, . . .,  stagek. When a job arrives at a
stage i, it can select exactly one machine from mi available identi-
cal machines. The assumptions for the considered HFS in this study
are given as follow.

• Each machine in the same stage can process only one job at a
time;

• Each job can be operated by only one machine at a time;
• All of the jobs and machines are available at time zero;
• Preemption is not allowed, that is, any job cannot be interrupted

before the completion of its current operation;
• Setup times are negligible and problem data are deterministic

and known in advance;
• Overlap of operations is not allowed, that is, each operation of

the same job should not start until the previous operation has
completed its work;

• There is an unlimited intermediate buffer between two  succes-
sive stages.

The aim of HFS is to assign an optimal machine for each job
at each stage, and schedule each job on each machine to minimize
the makespan or the maximum completion time. The mathematical
model can be found in [2,17,22].

Related algorithms

The canonical VNS

In 1997, VNS was introduced by Mladenovic and Hansen [27] for
solving the traveling salesman problem (TSP). After that, VNS has
been applied by more and more researchers to solve continuous
and global optimization problems. In 2010, Hansen et al. [28] gave
a comprehensive survey of VNS. The survey literature shows that
since it was  first proposed in 1997, VNS has seen rapid development
and enhancement in two aspects, i.e., methods and applications.

Very recently, VNS has been the focus of substantial research.
The recent developments with VNS are also taken in two fields:
(1) designing improved VNS by combining other dispatching rules,
heuristics, meta-heuristics, and local search methods and (2) apply-
ing VNS for new applications. In 2009, Wang and Tang [29]
developed a population-based VNS for the single machine total
weighted tardiness problem. By combining VNS with GA, Wen
et al. [30] presented a hybrid genetic based VNS for task sched-
uling in a heterogeneous multiprocessor system. Stenger et al.
[31] investigated a routing problem arising in the last-mile deliv-
ery of small packages by using an improved VNS that embeds
cyclic-exchange neighborhoods and an adaptive mechanism. Yaz-
dani et al. [32] developed a parallel VNS for the flexible job-shop
scheduling problem (FJSP). Recently, more and more literature
has addressed solving scheduling problems using VNS. For paral-
lel machine scheduling problems, Behnamian et al. [33] proposed
a hybrid algorithm using ACO, SA and VNS; Driessel et al. [34]
developed several variants of VNS; in 2012, Bilyk and Mönch [35]
investigated VNS for planning and scheduling of jobs on unrelated
parallel machines. For HFS problems utilizing VNS, Naderi et al. [36]
proposed a VNS that uses advanced neighborhood search structures
for flexible flow line problems with sequence dependent setup time

and preventive maintenance activity; Tavakkoli-Moghaddam et al.
[37] presented a memetic algorithm for HFS with processor block-
ing. The other recent applications of VNS include vertex separation
problems [38], resource allocation problems [39], TSP [40], location
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outing [41], multilevel lot-sizing problems [42], and facility layout
roblems [43].

The basic VNS employs a set of pre-defined neighborhoods. By
equentially exploring these neighborhoods, local optima solutions
n different neighborhood structure can be obtained, and thus, bet-
er solutions can be reached through this process. In VNS, one
olution in the current neighborhood is selected as the incumbent
olution. Then, local search is performed on the selected solution
o generate several neighboring solutions. By comparing the neigh-
oring solutions with the incumbent one, the current solution will
e replaced by the best solution found thus far or remain its state if
o better solution is found. Then, the neighborhood will turn to the
rst one if a better solution is found or turn to the next one if the

ncumbent solution remains itself. By systematically changing the
urrent neighborhood, VNS directs the search to a promising field,
nd thus, global optimal solutions will be found. The main steps of
he basic VNS are given as follows [27]:

Step 1. Set system parameters that include the set of neighborhood
structure Nk, k = 1, . . .,  kmax, and an initial solution x;
Step 2. Repeat the following steps until the stop condition is satis-
fied.
Step 3. Generate a solution xT at random from the kth neighborhood
of x;
Step 4. Apply some local search methods with x′ as the initial solu-
tion; denote x′′ as the best obtained solution;
Step 5. If the obtained solution x′′ is better than the incumbent,
replace it with the former and continue the search with the first
neighborhood structure, that is, set k = 1; otherwise, set k = k + 1.

he canonical CRO

In 2010, Lam and Li [44] introduced CRO, which loosely mimics
hat happens to molecules in a chemical reaction system and tries

o capture the energy in the reaction process. The molecules rep-
esent the solution for the considered problem, while the change
n molecular structure is tantamount to switching to another fea-
ible solution. Each molecule possesses two types of energies, i.e.,
otential energy (PE) and kinetic energy (KE). PE corresponds to
he objective function of a molecule, while the KE of a molecule
ymbolized its ability to escape from a local minimum. In the basic
RO, there are four elementary reactions, i.e., the on-wall ineffec-
ive collision, decomposition, inter-molecular ineffective collision,
nd synthesis. Meanwhile, CRO has a buffer to collect the kinetic
nergy produced by on-wall ineffective collisions and to help the
olecules to escape from the local optima.
The main steps of the basic CRO are given as follows [44–46]:

Step 1. Set system parameters;
Step 2. Perform the following steps until the stop condition is sat-
isfied.
Step 3. If the inter-molecular condition is satisfied, perform step 4;
otherwise, perform step 5.
Step 4. Randomly select two or more molecules from the current
population; if the synthesis condition is satisfied, perform synthe-
sis operation on the selected two molecules; otherwise, perform
inter-molecular collision on them;
Step 5. Randomly select one molecule; if the decomposition condi-
tion is satisfied, perform decomposition operation on the selected
individual; otherwise, perform on-wall collision on it.

he canonical EDA
In 1996, Mühlenbein and Paaß [47] proposed a new evolu-
ionary algorithm, called the estimation of distribution algorithm
EDA). Unlike other meta-heuristics, such as the genetic algorithm
puting 24 (2014) 63–77 65

(GA) and particle swarm optimization (PSO), EDA uses a proba-
bilistic model to utilize global statistical information to generate
new offspring, which is very different from crossover or mutation
operators.

The main steps of the basic EDA are given as follows [47–50]:

Step 1. Set system parameters.
Step 2. Randomly generate a population of initial solutions.
Step 3. Evaluate each solution, and select good individuals with
respect to their fitness.
Step 4. Generate a new distribution of probability based on the
selected individuals.
Step 5. Generate new offspring from the estimated distribution.

Step 6. If a stop condition is satisfied, then stop the algorithm;
otherwise, go back to step 3.

The proposed algorithm

Solution representation

In the proposed algorithm, each solution is represented by a
string of integers that are commonly used in most of the litera-
ture for HFS [2,17,50]. Each integer in the string corresponds to a
job number. Thus, the length of the string equals to n. Consider
an example problem with three stages and five jobs, the parallel
machine in each stage and the processing time of each operation
is given in Table 1. Suppose that one solution is represented by {2,
4, 3, 1, 5}, which means that in the first stage, then the scheduling
sequence is J2, J4, J3, J1, and J5.

Decoding

It is notable that the solution encoding given above contains no
machine selection (routing) information in each stage. Therefore,
we should consider both machine selection and operation sched-
uling in the decoding process. The common method is as follows
[2,17,50]: (1) in the first stage, schedule each job according to their
sequence in the solution representation, and assign each job to the
first available machine; (2) in the following stages, assign the first
available machine for the arriving job.

In this study, to decode the solution representation in all of the
stages, except the first one, we  introduce two  decoding methods as
follows.

• Solution-Dependent Rule, denoted by SDR. In the SDR rule, the
concurrently arriving jobs will be scheduled according to their
occurrence order in the solution representation. It should be
noted that, the SDR rule is commonly used in the current litera-
ture [2,17,50]. However, by using the SDR rule, the concurrently
arriving jobs will be scheduled in a relatively deterministic order
at each stage. For the given example in Solution representation,
when the two  jobs J4 and J1 arrive at the second stage at the same
time, that is, with the same completion time at the first stage, if
only one available machine is waiting for scheduling them, then
J4 will be scheduled first according to the SDR rule;

• Random Rule, denoted by RR. In the RR rule, the jobs will be sched-
uled in a random order. The detailed steps are given as follows.
First, at each stage, except the first, sort each job into a set Rs in a
random way. Second, when more than one job arrives at a stage
concurrently and there are not enough available machines for

them, then schedule them according to their order in Rs. For the
given example in Solution representation, when J4 and J1 arrive at
the second stage concurrently while only one machine is waiting
for them, then J4 and J1 will be scheduled in a random way.
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Table  1
Processing time table.

Stage1 (two parallel machines) Stage2 Stage3 (two parallel machines)

M1  M2  M3 M4 M5

J1 7 7 3 3 3
J2  1 1 2 3 3

f
m
n
c
a

i
b
F
M
s

J3  3 3 

J4  3 3 

J5  6 6 

It should be noted that the proposed RR method considers the
ollowing realistic production characteristics: (1) there is usually

ore than one job arriving concurrently at the same stage; (2) the
umber of available machines is usually less than the number of
oncurrent arriving jobs. By using the decoding heuristics discussed
bove, the detailed decoding process is given as follows:

Step 1: In the first stage, schedule each job one by one according to
their sequence in the solution representation. For the above exam-
ple solution listed in Solution representation, in the first stage, the
job scheduling sequence is J2, J4, J3, J1, and J5. When one job is to
be scheduled, it will select the earliest available machine. If there
are several available machines with the same available time, the
job will randomly select one.
Step 2: In the other stages, each job will be scheduled as soon as
it completes its previous operation. The machine selection strat-
egy is the same as in the first stage, that is, to select the earliest
available machine for the arrived operation. If more than one par-
allel available machine is available, then randomly select one from
them. When several jobs arrive concurrently at the same time with
too few available machines at the stage, we use the RR rule.

Fig. 1 gives the Gantt chart for the above example solution listed
n Solution representation. In Fig. 1, each operation is represented

y a pair of number, i.e., the job number and the stage number.
or example, in Fig. 1, the first operation scheduled on the machine
1 is denoted by (2, 1), which denotes that the job J2 in the first

tage is scheduled first on M1. In the second stage, there is only one

0 5 10 

M1

M2

M3

M4

M5

(2,1)

0 1

(3,1)

1 4

(5,1)

4 10

(4,1 )

0 3

(1,1 )

3 10

(2,2 )

1 3

(4,2 )

3 6

(3,2 )

6 11

(1,2 )

11 

(2,3)

3 6

(4,3)

6 12

11 

Fig. 1. Gantt chart for the
5 8 8
3 6 6
8 3 3

machine, and thus, each job is scheduled one by one on M3. The last
completed job is J5 on M4, with the completion time 25. Therefore,
the maximum completion time (makespan) of the given solution is
25.

Neighborhood structure

In this study, considering the problem structure, eight neigh-
borhood structures are proposed, which are given as follows:

• Swap two  positions structure, denoted by N1. (1) Randomly select
two  job numbers in the solution representation; (2) Swap the two
selected jobs in the scheduling string.

• Insertion structure, denoted by N2. (1) Randomly select two pos-
itions, r1 and r2, in the solution representation, where r1 < r2; (2)
Insert the job at the position r2 before r1 in the scheduling string.

• Reverse the elements between two  positions structure, denoted
by N3. (1) Randomly select two positions, r1 and r2, in the solu-
tion representation. (2) Reverse the job numbers between the
positions r1 and r2 in the scheduling string.

• Swap elements structure, denoted by N4, with an example given
in Fig. 2(a). (1) Randomly select two  positions, r1 and r2, in the
solution representation, where r1 < r2; (2) Swap each pair of ele-

ments between the positions r1 and r2 in the scheduling string.
The detailed steps are as follows: (a) let p = r1, and q = r2; (b)
swap the two  elements p and q in the solution representation;
let p = r1 + 1, and q = r2 − 1; (3) repeat step (b) until p ≥ q.

15  20 25

14

(5,2 )

14 22

(1,3)

14 17

(5,3)

22 25

(3,3 )

19

 example solution.
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Fig. 2. Eight neighborhoods.
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• Swap the elements with the first and the last element structure,
denoted by N5, with an example given in Fig. 2(b). (1) Randomly
select two  positions, r1 and r2, in the solution representation,
where r1 < r2; (2) swap the element at the positions r1 with the
head element, and swap the element at the positions r2 with the
tail element.

• Insert elements before the first and after the last structure,
denoted by N6, with an example given in Fig. 2(c). (1) Randomly
select two  positions, r1 and r2, in the solution representation,
where r1 < r2; (2) Insert the element at the positions r1 before
the head position, and insert the element at the positions r2 after
the tail position.

• Swap elements at one point structure, denoted by N7, with an
example given in Fig. 2(d). (1) Randomly select one position, r1, in
the solution representation, except the head position and the tail
position. (2) Swap the two elements before and after the positions
r1.

• Insert at one point structure, denoted by N8, with an example
given in Fig. 2(e). (1) Randomly select one position, r1, in the
solution representation, except the head position and the tail
position; (2) Insert the element after the position r1 at the position
just before r1.

KE based neighborhood change procedure

We assign a certain KE value for each individual solution and
introduce a kinetic-energy-based neighborhood change procedure
(KE NeighborhoodChange), which updates the incumbent solution
and the KE value for the current solution. By using the kinetic energy
sensitive procedure, the proposed algorithm can avoid being stuck
at the local optima, and thus, increase the exploitation and explo-
ration ability.

In VNS, if a better neighboring solution is found, the neighbor-
hood index k will be set to the first position, which makes the next
neighborhood to be accessed potentially different from the current
one. A disadvantage is that the search process will jump to other
search regions even when it finds a better solution in the current
neighborhood. In contrast to the traditional VNS, the neighborhood
set is updated dynamically in the proposed algorithm by insert-
ing the promising neighborhood into the first position. That is, if
a better solution is found in the current neighborhood, the cor-
responding neighborhood will be accessed again in the following
search process until no better solution is obtained. Therefore, the
first neighborhood has a higher probability of being accessed. The
above process makes the algorithm completely exploit the promis-
ing search region until local optima are reached.

The detailed steps of the proposed procedure are given in Fig. 3.

EDA-based global search

In this study, after collecting a group of local optima solutions
by the VNS process, an EDA-based global search process will be
performed on the local optima population to search for global opti-
mal  solutions. The probabilistic model is the main issue for EDA
and the performance of the algorithm is strongly dependent on it;
therefore, the best choice of model is crucial. In general, two key
issues should be considered for the probabilistic model of EDA, i.e.,
the building of the model, and the update of the model.

Building of the probabilistic model
To construct a probabilistic model for the current population

solutions, we first select Bsize solutions with relatively low fitness

values. Let t be the generation index, nij(t) be the number of times
of appearance of job i before or in the position j in the subset of the
selected Bsize solutions in generation t. The value of nij(t) refers to
the importance of the order of the jobs in the scheduling sequence,
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Proce dure KE _NeighborhoodChange(x, ''x , k, KEx, KElossRate, )

Input: the best neighboring solution ''x ; the incumbent solution x; neighborhood index k; KE value for x

KEx; loss rat e KElossRate; neighbo rhood  set .

Output: the updat ed states, inclu de x, k, KEx, and .

Begi n

(1) if f( ''x )<f(x)+KEx, then

x ''x ;

k 1;

KEx KEx×(1-KElossRate);

        Insert the neighbo rhoo d (k) into the first position in .

(2) el se

(3) k k + 1;

f KE NeighborhoodChange.

w
t
p
s
p
a
f

P

[

p

p

�

P

T

l

End

Fig. 3. Pseudo code o

hich indicates the probability of the global statistical informa-
ion. Let pij(t) be the probability for job i to appear before or at the
osition j, which means that from the global statistical point, job i
hould be scheduled no later than position j. Let (pi1(t), pi2(t), . . .,
in(t)) be the probabilistic model for each element of job i in gener-
tion t. Then, we can obtain the completed probabilistic model as
ollows.

(t) =

⎡
⎢⎢⎢⎣

p11(t) p12(t) ... p1n(t)

p21(t) p22(t) ... p2n(t)

... ... ... ...

pn1(t) pn2(t) .. pnn(t)

⎤
⎥⎥⎥⎦ (1)

The construction process for pij(t) is given as follows, similar to
49].

ij(0) =
∑Bsize

k=1 �k
ij
(0)

i · Bsize
(2)

The update process for pij(t) is given as follows, similar to [49].

ij(t + 1) =  ̨ ×
∑Bsize

k=1 �k
ij
(t + 1)

i · Bsize
+ (1 − ˛) × pij(t) (3)

where,  ̨ is the study rate, which is range between 0 and 1;

k
ij(t) =

{
1 If job i appears before or in the position j in solution k

0 Otherwise
(4)

rocedure of the global search
The EDA based global search process is given in Fig. 4.

he framework of HVNS

The detailed steps of the proposed HVNS algorithm are as fol-
ows:

Step 1: Initialization phase.

Step 1.1 Set the population size Psize.
Step 1.2 Initialize the population in a random way. That is, ran-
domly sequence each job in the solution representation for each
initial individual.
Fig. 4. Flow chart of the EDA-based global search.

Step 2: Evaluate each solution in the population. Select the best
solution as the current incumbent individual.
Step 3: If the stopping criterion is satisfied, output the best solu-
tion; otherwise, perform steps 4–6.
Step 4: VNS local search phase.

Step 4.1 Let t = 1, and repeat steps 4.2–4.7 until t > tmax.
Step 4.2 Let k = 1, and repeat steps 4.3–4.6 until k > kmax.
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Table 2
Combinations of the parameter values.

Parameter Level

1 2 3 4
J.-q. Li et al. / Applied Sof

Step 4.3 Generate an initial neighboring solution x′ around the
incumbent solution in the kth neighborhood.
Step 4.4 Local search phase: Generate Ns neighboring solutions,
select the best one as x′′.
Step 4.5 Neighborhood change phase: By using the proposed
neighborhood change procedure KE NeighborhoodChange as illus-
trated in Fig. 3, update the current incumbent solution and the
value of k.
Step 4.6 Store every local optima solution for each neighborhood
structure into a set LO.
Step 4.7 Let t = t + 1.

Step 5: EDA based global search phase.
Step 5.1 From the local optima solutions set LO,  which is gener-
ated in step 4.6, select Bsize best solutions to construct the initial
population for the EDA based global search procedure.
Step 5.2 Construct the initial probabilistic model based on the
selected initial population.
Step 5.3 Generate Bsize new solutions based on the initial popula-
tion and the initial probabilistic model.
Step 5.4 If the stop condition satisfies, go to step 6; otherwise,
perform steps 5.5–5.6.
Step 5.5 Update the probabilistic model by using formula (3).
Step 5.6 Generate Bsize new solutions by the new estimation dis-
tribution model. Evaluate each solution and go back to step 5.4.

Step 6: Go back to step 3.

xperimental results

This section discusses the computational experiments used to
valuate the performance of the proposed algorithm. Our algorithm
as implemented in C++ on an Intel Core i5 3.3 GHz PC with 4 GB

f memory. The compared algorithms include PSO (Liao et al. [22]),
IS (Engin and Doyen [25]), ACO (Alaykyran et al. [24]), and B&B

Neron et al. [15]).
To present a detailed comparison with the present algorithms,

e also select Carlier and Neron’s benchmark problems [15] as the

est instances. In the given 77 benchmark problems, there are 41
0-job problems and 36 15-job problems. To test the proposed
lgorithm on large-scale HFS problems, we select the ten harder
roblems in [22]. Each benchmark problem is characterized by

1 2 3 4
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1 2

Fig. 5. Factor le
Psize 5 10 20 50
ts 10 20 50 100
tmax 10 20 50 100

three numbers and three letters. The three numbers are the num-
ber of jobs, number of stages, and problem structure index. The
problem structure index makes the benchmark with the same prob-
lem scale different from each other [15,22]. The three letters have
the following meanings: j represents the job; c represents the pro-
duction stage; and the third letter illustrates the parallel machine
layout structure, which is given as follows [22,25].

(a) There is one machine at the middle stage and three machines
at the other stages.

(b) There is one machine at the first stage and three machines at
the other stages.

(c) There are two  machines at the middle stage and three machines
at the other stages.

(d) There are three machines at each stage.

Parameters setting

To set the system parameter efficiently, we  first conduct a pre-
liminary experiment, where several typical values were set for each
parameter by simply fixing others, and find three parameters (Psize,
Ns, and tmax) with a significant impact. The other parameters with
less significant impact are set as follows: (1) the maximum neigh-
borhood structure number kmax: 8; (2) similar to reference [50], the
parameters for EDA based global search are as follows: the num-
ber of best solutions Bsize = 5, and the study rate for update process
of the probabilistic model  ̨ = 0.3; (3) similar to reference [44], the

parameters for KE based local search are as follows: the lost rate
for kinetic energy KELossRate = 0.5, and the initial KE value for each
individual = 1,000,000; and (4) the maximum computational time
is set to 100 s, or until the lowest bound (LB) is reached.

 3 4
Ns

1 2 3 4
tma x

vel trend.
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Table 3
Comparison results for the RPI values of different decoding heuristic.

Instance D NH D H

j30c5e1 0.86 0.00
j30c5e2 0.00 0.00
j30c5e3 0.17 0.00
j30c5e4 0.53 0.00
j30c5e5 0.00 0.00
j30c5e6 0.00 0.00
j30c5e7 0.00 0.00
j30c5e8 0.00 0.00
j30c5e9 0.31 0.00
j30c5e10 0.69 0.00
Mean 0.26 0.00

Table 4
Comparison results for the RPI values of the four versions of VNS.

Instance HVNS VNS-I VNS-II VNS-III

j10c5c1 0.00 0.00 0.00 0.00
j10c5c2 0.00 1.35 1.35 0.00
j10c5c3 1.41 1.41 1.41 1.41
j10c5c4 0.00 1.52 0.00 0.00
j10c5c5 0.00 0.00 0.00 0.00
j10c5c6 0.00 0.00 0.00 0.00

j10c5d1 0.00 0.00 0.00 0.00
j10c5d2 0.00 1.37 1.37 1.37
j10c5d3 0.00 0.00 0.00 0.00
j10c5d4 0.00 0.00 0.00 0.00
j10c5d5 0.00 1.52 0.00 1.52
j10c5d6 0.00 0.00 0.00 0.00

j15c5c1 0.00 0.00 0.00 1.18
j15c5c2 0.00 1.11 1.11 1.11
j15c5c3 0.00 0.00 0.00 0.00
j15c5c4 0.00 0.00 0.00 0.00
j15c5c5 1.37 4.11 2.74 4.11
j15c5c6 0.00 0.00 0.00 0.00

j15c5d1 0.00 0.00 0.00 0.00
j15c5d2 2.44 3.66 2.44 3.66
j15c5d3 6.49 9.09 7.79 7.79
j15c5d4 37.70 39.34 39.34 39.34
j15c5d5 17.91 20.90 19.40 19.40
0 J.-q. Li et al. / Applied Sof

For the determination of the three significant parameters, we
onduct a detailed experiment based on the Taguchi method of
OE [51] method. The levels of the three parameters are given in
able 2. The tested instances are the ten harder problems, from
j30c5e1” to “j30c5e10”. Because the three parameters are set with
our factor levels, an orthogonal array L16(43) is selected. For each
arameter combination, the proposed algorithm is independently
un 20 times, and then, the average makespan value obtained by
he proposed algorithm is collected as the response variable (RV).
ig. 5 reports the factor level trend for the three parameters. It can
e seen from Fig. 5 that the proposed algorithm has a better perfor-
ance under the three parameters with the following values: the

nitial population size Psize = 50, the number of neighboring solu-
ions during the local search: Ns = 100, and the maximum number
f iterations for the VNS search process: tmax = 20.

ffectiveness of different decoding heuristics

In this section, we investigate the effectiveness of decoding
euristics presented in Decoding. Let D NH represents the decod-

ng process without the RR rule, which is commonly used in most
iterature [2,17,50]. D H corresponds to the decoding process utiliz-
ng the RR rule, which is used in the proposed HVNS algorithm. We
reate both D NH and D H in Visual C++6.0 and use the same library
unctions and objective evaluation functions. The comparison is
ased on the 10 harder instances, from “j30c5e1” to “j30c5e10”.
he performance measure is relative percentage increase (RPI) cal-
ulated as follows:

PI (F) = Cc
max − Cbest

Cbest
× 100 (5)

here, Cc
max is the makespan obtained by the compared heuristic,

nd Cbest is the best value collected by the two compared heuris-
ics. The two algorithms are independently run 20 times in the same
nvironment. Then, the RPI results, averaged across the 20 replica-
ions for each instance, are collected for comparison in Table 3.

It can be seen from Table 3 that the proposed D H performs
uch better than the D NH heuristic because D NH generates an

verall average RPI of 0.26%, whereas D H produces a zero RPI

alue for each of the ten instances. To determine whether the
bserved difference from Table 3 is indeed significantly different,
e carry out a single-factor analysis of variance (ANOVA) where

he type of decoding heuristic is considered to be a factor. The

j15c5d6 2.53 3.80 2.53 3.80

Mean 2.911 3.715 3.312 3.529

D_NH D_H
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Fig. 6. Means and 95% LSD interval for D NH and D H (p-value: 0.0324).
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Table 5
Comparison results for 10-jobs problems.

Instance LB HVNS PSO AIS ACO B&B RPI

Cmax CPU Cmax CPU Cmax CPU Cmax CPU Cmax CPU HVNS PSO AIS ACO B&B

j10c5a2 88 88 0.004 88 0.002 88 1 88 – 88 13 0.00 0.00 0.00 0.00 0.00
j10c5a3  117 117 0.004 117 0.002 117 1 117 – 117 7 0.00 0.00 0.00 0.00 0.00
j10c5a4  121 121 0.002 121 0.003 121 1 121 – 121 6 0.00 0.00 0.00 0.00 0.00
j10c5a5  122 122 0.003 122 0.013 122 1 124 – 122 11 0.00 0.00 0.00 1.64 0.00
j10c5a6  110 110 0.024 110 0.174 110 4 110 – 110 6 0.00 0.00 0.00 0.00 0.00

j10c5b1  130 130 0.003 130 0.003 130 1 131 – 130 13 0.00 0.00 0.00 0.77 0.00
j10c5b2  107 107 0.003 107 0.003 107 1 107 – 107 6 0.00 0.00 0.00 0.00 0.00
j10c5b3  109 109 0.003 109 0.012 109 1 109 – 109 9 0.00 0.00 0.00 0.00 0.00
j10c5b4  122 122 0.004 122 0.025 122 2 124 – 122 6 0.00 0.00 0.00 1.64 0.00
j10c5b5  153 153 0.003 153 0.001 153 1 153 – 153 6 0.00 0.00 0.00 0.00 0.00
j10c5b6  115 115 0.002 115 0.001 115 1 115 – 115 11 0.00 0.00 0.00 0.00 0.00

j10c5c1  68 68 0.792 68 0.332 68 32 68 – 68 28 0.00 0.00 0.00 0.00 0.00
j10c5c2  74 74 0.752 74 0.535 74 4 76 – 74 19 0.00 0.00 0.00 2.70 0.00
j10c5c3  71 72 0.141(a) 71 36.997 72 a 72 – 71 240 1.41 0.00 1.41 1.41 0.00
j10c5c4  66 66 0.631 66 0.215 66 3 66 – 66 1017 0.00 0.00 0.00 0.00 0.00
j10c5c5  78 78 0.129 78 0.122 78 14 78 – 78 42 0.00 0.00 0.00 0.00 0.00
j10c5c6  69 69 0.226 69 0.405 69 12 69 – 69 4865 0.00 0.00 0.00 0.00 0.00

j10c5d1  66 66 0.148 66 0.185 66 5 – – 66 6490 0.00 0.00 0.00 – 0.00
j10c5d2  73 73 0.142 73 1.158 73 31 – – 73 2617 0.00 0.00 0.00 – 0.00
j10c5d3  64 64 0.157 64 0.098 64 15 – – 64 481 0.00 0.00 0.00 – 0.00
j10c5d4  70 70 0.675 70 0.337 70 5 – – 70 393 0.00 0.00 0.00 – 0.00
j10c5d5  66 66 1.382 66 0.515 66 1446 – – 66 1627 0.00 0.00 0.00 – 0.00
j10c5d6  62 62 0.135 62 0.383 62 8 – – 62 6861 0.00 0.00 0.00 – 0.00

j10c10a1  139 139 0.227 139 0.055 139 1 – – 139 41 0.00 0.00 0.00 – 0.00
j10c10a2  158 158 0.354 158 0.87 158 18 – – 158 21 0.00 0.00 0.00 – 0.00
j10c10a3  148 148 0.225 148 0.017 148 1 – – 148 58 0.00 0.00 0.00 – 0.00
j10c10a4  149 149 0.007 149 0.085 149 2 – – 149 21 0.00 0.00 0.00 – 0.00
j10c10a5  148 148 0.006 148 0.102 148 1 – – 148 36 0.00 0.00 0.00 – 0.00
j10c10a6  146 146 0.264 146 0.239 146 4 – – 146 20 0.00 0.00 0.00 – 0.00

j10c10b1  163 163 0.006 163 0.013 163 1 163 – 163 36 0.00 0.00 0.00 0.00 0.00
j10c10b2  157 157 0.104 157 0.221 157 1 157 – 157 66 0.00 0.00 0.00 0.00 0.00
j10c10b3  169 169 0.006 169 0.014 169 1 169 – 169 19 0.00 0.00 0.00 0.00 0.00
j10c10b4  159 159 0.068 159 0.021 159 1 159 – 159 20 0.00 0.00 0.00 0.00 0.00
j10c10b5  165 165 0.005 165 0.037 165 1 165 – 165 33 0.00 0.00 0.00 0.00 0.00
j10c10b6  165 165 0.005 165 0.056 165 1 165 – 165 34 0.00 0.00 0.00 0.00 0.00

j10c10c1  113 115 0.571(a) 115 a 115 a 118 – 127 c 1.77 1.77 1.77 4.42 12.39
j10c10c2  116 117 0.448(a) 117 a 119 a 117 – 116 1100 0.86 0.86 2.59 0.86 0.00
j10c10c3  98 116 0.698(a) 116 a 116 a 108 – 133 c 18.37 18.37 18.37 10.20 35.71
j10c10c4  103 120 0.461(a) 120 a 120 a 112 – 135 c 16.50 16.50 16.50 8.74 31.07
j10c10c5  121 125 2.125(a) 125 a 126 a 126 – 145 c 3.31 3.31 4.13 4.13 19.83
j10c10c6  97 106 0.343(a) 106 a 106 a 102 – 112 c 9.28 9.28 9.28 5.15 15.46

Mean  0.275 1.236 47.735 – 719.4 1.26 1.22 1.32 1.44 2.79

Problems with bold font are harder problems.
(a) means LB is not reached.
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Table 6
Comparison results for 15-job problems.

Instance LB HVNS PSO AIS ACO B&B RPI

Cmax CPU Cmax CPU Cmax CPU Cmax CPU Cmax CPU HVNS PSO AIS ACO B&B

j15c5a1 178 178 0.006 178 0.06 178 1 178 – 178 18 0.00 0.00 0.00 0.00 0.00
j15c5a2  165 165 0.005 165 0.005 165 1 165 – 165 35 0.00 0.00 0.00 0.00 0.00
j15c5a3  130 130 0.005 130 0.006 130 1 132 – 130 34 0.00 0.00 0.00 1.54 0.00
j15c5a4  156 156 0.005 156 0.013 156 2 156 – 156 21 0.00 0.00 0.00 0.00 0.00
j15c5a5  164 164 0.003 164 0.004 164 1 166 – 164 34 0.00 0.00 0.00 1.22 0.00
j15c5a6  178 178 0.005 178 0.006 178 1 178 – 178 38 0.00 0.00 0.00 0.00 0.00

j15c5b1  170 170 0.005 170 0.003 170 1 170 – 170 16 0.00 0.00 0.00 0.00 0.00
j15c5b2  152 152 0.003 152 0.005 152 1 152 – 152 25 0.00 0.00 0.00 0.00 0.00
j15c5b3  157 157 0.006 157 0.03 157 1 157 – 157 15 0.00 0.00 0.00 0.00 0.00
j15c5b4  147 147 0.007 147 0 147 1 149 – 147 37 0.00 0.00 0.00 1.36 0.00
j15c5b5  166 166 0.088 166 0.086 166 2 166 – 166 20 0.00 0.00 0.00 0.00 0.00
j15c5b6  175 175 0.004 175 0.016 175 1 176 – 175 23 0.00 0.00 0.00 0.57 0.00

j15c5c1  85 85 1.128 85 4.205 85 774 85 – 85 2131 0.00 0.00 0.00 0.00 0.00
j15c5c2  90 90 0.491 90 1198 91 a 90 – 90 184 0.00 0.00 1.11 0.00 0.00
j15c5c3  87 87 0.502 87 2.398 87 16 87 – 87 202 0.00 0.00 0.00 0.00 0.00
j15c5c4  89 89 0.569 89 2.208 89 317 89 –– 90 c 0.00 0.00 0.00 0.00 1.12
j15c5c5 73 74 1.968(a) 74 a 74 a 73 – 84 c 1.37 1.37 1.37 0.00 15.07
j15c5c6  91 91 0.180 91 0.191 91 19 91 – 91 57 0.00 0.00 0.00 0.00 0.00
j15c5d1  167 167 0.004 167 0 167 1 167 – 167 24 0.00 0.00 0.00 0.00 0.00

j15c5d2  82 84 0.915(a) 84 a 84 a 86 – 85 c 2.44 2.44 2.44 4.88 3.66
j15c5d3 77 82 1.356(a) 82 a 83 a 83 – 96 c 6.49 6.49 7.79 7.79 24.68
j15c5d4  61 84 1.325(a) 84 a 84 a 84 – 101 c 37.70 37.70 37.70 37.70 65.57
j15c5d5  67 79 0.585(a) 79 a 80 a 80 – 97 c 17.91 17.91 19.40 19.40 44.78
j15c5d6  79 81 1.123(a) 81 a 81 a 79 – 87 c 2.53 2.53 2.53 0.00 10.13
j15c10a1 236 236 0.008 236 0.018 236 1 236 – 236 40 0.00 0.00 0.00 0.00 0.00

j15c10a2 200 200 0.339 200 0.214 200 30 200 – 200 154 0.00 0.00 0.00 0.00 0.00
j15c10a3 198 198 0.313 198 0.171 198 4 198 – 198 45 0.00 0.00 0.00 0.00 0.00
j15c10a4 225 225 0.212 225 0.072 225 12 228 – 225 78 0.00 0.00 0.00 1.33 0.00
j15c10a5 182 182 0.008 182 0.509 182 2 182 – 183 c 0.00 0.00 0.00 0.00 0.55
j15c10a6 200 200 0.024 200 0.468 200 2 200 – 200 44 0.00 0.00 0.00 0.00 0.00
j15c10b1 222 222 0.009 222 0.017 222 3 222 – 222 70 0.00 0.00 0.00 0.00 0.00

j15c10b2 187 187 0.008 187 0.012 187 1 188 – 187 80 0.00 0.00 0.00 0.53 0.00
j15c10b3 222 222 0.008 222 0.007 222 1 224 – 222 80 0.00 0.00 0.00 0.90 0.00
j15c10b4 221 221 0.008 221 0.007 221 1 221 – 221 84 0.00 0.00 0.00 0.00 0.00
j15c10b5 200 200 0.045 200 0.135 200 1 – – 200 84 0.00 0.00 0.00 – 0.00
j15c10b6 219 219 0.009 219 0.006 219 1 – – 219 67 0.00 0.00 0.00 – 0.00

Mean  – – 0.313 – 40.296 – 41.379 – – – 133.571 1.90 1.90 2.01 2.27 4.60

Problems with bold font are harder problems.
(a) means LB is not reached.
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Fig. 7. Gantt chart for the obtained b

esulting p-value equals 0.0324, which is close to zero and suggests
hat there is a statistically significant difference between the two
ecoding heuristics at a 95% confidence level. Fig. 6 gives the
eans with the least significant difference or LSD intervals (at

he 95% confidence level). It can be observed from Fig. 6 that our
ecoding heuristic results in a better performance.

ffectiveness of different versions of VNS

In HVNS, we proposed a KE-based neighborhood change
pproach and an EDA-based global search procedure. To verify the
fficiency of the two approaches, we realize several versions of VNS,
amely, the canonical VNS (VNS-I), VNS with KE-based neighbor-
ood change approach (VNS-II), VNS with EDA-based global search
rocedure (VNS-III), and VNS with the two approaches (HVNS). To
ake detailed comparisons between the four algorithms, we select

he 24 harder problems from the Carlier and Neron’s benchmark
roblems, i.e., “j10c5c1” to “j10c5d6”, and “j15c5c1” to “j15c5d6”.
he computational results are reported in Table 4.

It can be concluded from Table 4 that, for solving the harder
roblems, HVNS shows the best performance considering the
akespan objective, the following algorithms are VNS-II, VNS-III,

nd VNS-I. That is, considering the search ability, HVNS is better
han the other three algorithms; VNS-II shows better performance
han VNS-III and VNS-I; and the worst among the four compared
lgorithms is the canonical VNS (VNS-I). The comparison results
erify the efficiency of the two approaches embedded in the pro-
osed algorithm.

omparisons of HVNS and other presented algorithms
omparisons of the 10-job problems
In Carlier and Neron’s benchmark problems, there are 41

nstances with 10-job scale. These problems can be classified into
wo categories, i.e., five stages and ten stages. The 10 job-5 stage
lution for j15c5d5 (makespan = 79).

instances range from “j10c5a2” to “j10c5d6”, while the 10 job-10
stage instances range from “j10c10a1” to “j10c10c6”.

The computational results for solving the 10-job problems are
summarized in Table 5. There are 17 columns in the comparison
table. The first column gives the tested problem name. The column
labeled “LB” displays the lowest bound for each instance. Then,
the following two  columns tell the computational results due to
the proposed HVNS algorithm, where, the third column gives the
makespan and the fourth column reports the computational CPU
times for each problem. The next two  column list the computa-
tional results obtained by PSO algorithm. The makespan and the
computational time collected by AIS algorithm are displayed in 7th
and 8th column, respectively. The next two columns report the test
results for ACO, while the following two  columns give the results
due to the B&B algorithm. Following the computational results for
each compared algorithms, the deviation values for HVNS, PSO, AIS,
ACO, and B&B, are reported in the last five columns.

It can be concluded from Table 5 that: (1) for solving the 10
job-5 stage problem with the first two kinds of machine layout,
i.e., “j10c5a2” to “j10c5b6”, all of the five compared algorithms
obtain the LB value for each benchmark. The proposed HVNS can
reach the LB in very short computational times for each instance,
which shows the convergence ability of the proposed algorithm;
(2) for solving the following hard twelve problems, i.e., “j10c5c1”
to “j10c5d6”, the proposed algorithm obtains eleven LB values,
except for the benchmark “j10c5c3”. However, the Cmax (equals
to 72) obtained by HVNS is slightly bigger than the given LB value
(equals to 71), with a very short computational time; (3) for solv-
ing the following 12 10 job-10 stage benchmarks, HVNS reaches
the LB for each problem with a very fast computational speed; (4)
for solving the last six problems, i.e., “j10c10c1” to “j10c10c6”, the

proposed algorithm obtains near-optimal results for each instance.
The computational times collected by HVNS for solving the six
problems are also very short, which is competitive to other com-
pared algorithms; (5) considering the deviation results, PSO gains
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Table  7
Comparison results for the ten harder problems.

Instance BEST Cmax RPI Time (second)

HVNS PSO AIS HVNS PSO AIS HVNS PSO AIS

j30c5e1 464.00 464.00 471.00 479.00 0.00 1.51 3.23 29.16 96.16 99.44
j30c5e2 616.00 616.00 616.00 619.00 0.00 0.00 0.49 11.69 55.28 80.24
j30c5e3 595.00 595.00 602.00 614.00 0.00 1.18 3.19 27.33 64.56 116.7
j30c5e4  566.00 566.00 575.00 582.00 0.00 1.59 2.83 37.00 86.98 108.63
j30c5e5 601.00 601.00 605.00 610.00 0.00 0.67 1.50 21.32 79.84 101.19
j30c5e6 603.00 603.00 605.00 620.00 0.00 0.33 2.82 33.39 0.996 100.47
j30c5e7 626.00 626.00 629.00 635.00 0.00 0.48 1.44 27.37 87.18 93.56
j30c5e8 674.00 674.00 678.00 686.00 0.00 0.59 1.78 31.40 97.67 100.68
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j30c5e9 643.00 643.00 651.00 662.00 

j30c5e10 577.00 577.00 594.00 604.00
Mean  596.50 596.50 602.60 611.10 

he best among the five compared algorithms, the results obtained
y HVNS is slightly worse than PSO. It should be noted that, in
olving the given 41 10-job problems, HVNS obtained the same
max values with PSO, except for the instance “j10c5c3”. However,
onsidering the average computational times consumed by the two
lgorithms, i.e., PSO and HVNS, the proposed algorithm shows bet-
er performance than PSO; and (6) for solving the given 10-job scale
roblems, the proposed HVNS algorithm obtains 34 optimal val-
es of the 41 problems (83%), except seven instances with smaller
verage percentage deviation values. It can be concluded that the
roposed algorithm is competitive to PSO, and shows better per-
ormance than the other three compared algorithm, i.e., AIS, ACO,
nd B&B in solving the given 10-job scale problems.

omparisons of the 15-job problems
In Carlier and Neron’s benchmark problems, there are 36

nstances with 15-job scale. These problems can be classified into
wo categories, i.e., five stages and 10 stages. The 15 job-5 stage
nstances range from “j15c5a1” to “j15c5d6”, while the 15 job-10
tage instances range from “j15c10a1” to “j15c10b6”.

The computational results for solving the 15-job problems are
ummarized in Table 6. There are also 17 columns in the compari-
on table, with the same meanings as in Table 5. It can be concluded

rom Table 6 that: (1) for solving the 15 job-5 stage with the first
wo kinds of machine layout, i.e., “j15c5a1” to “j15c5b6”, all of the
ompared algorithms obtain the LB value for each benchmark. The
roposed HVNS can reach the LB in very short computational times,

HVNS PS 
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Fig. 8. Means and 95% LSD inter
00 1.24 2.95 33.81 83.8 100.75
00 2.95 4.68 29.72 77.46 89.29
00 1.05 2.49 28.22 73.00 99.1

which shows the convergence ability of the proposed algorithm;
(2) for solving the following hard 12 problems, i.e., “j15c5c1” to
“j15c5d6”, the proposed algorithm obtains six LB values within very
short process duration. For the remained six harder problems, our
proposed algorithm can obtain near optimal values with a very fast
speed; (3) for solving the following 12 15 job-10 stage benchmarks,
HVNS reaches the LB for each problem with a very fast computa-
tional speed, which is competitive to other compared algorithms;
(4) considering the deviation results, PSO and HVNS gain the same
results for solving the given 15-job problems. It should be noted
that, considering the computational time, the proposed algorithm
shows obvious better performance than PSO, AIS, ACO, and B&B;
and (5) for solving the 36 larger scale problems, the proposed HVNS
algorithm obtains 30 LB values of the 36 problems (83%), except six
instances with smaller average percentage deviation values. It can
be concluded that the proposed algorithm shows the best among
the five compared algorithms for solving the given 15-job problems.

Fig. 7 gives the best solution obtained by HVNS for solving the
benchmark “j15c5d5”, and the resulted makespan equals to 79,
which is better than the corresponding results obtained by AIS, ACO
and B&B.

Comparisons of the 10 harder problems

In order to test the proposed algorithm on large-scale HFS

problems, we select the 10 harder problems, i.e., “j30c5e1” to
“j30c5e10”. The compared algorithms include PSO, AIS, and the pro-
posed HVNS algorithm. All of these three compared algorithms run

O AIS

val for HVS, PSO, and AIS.
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Fig. 9. Decreasing of the makespan o

0 times for each benchmark problem, and the best fitness values
makespan) are collected in Table 7. The average computational
imes consumed by each compared algorithm are also listed in the
able. In Table 7, the first column gives the benchmark problem.
hen, the following column presents the best makespan collected
y the three compared algorithm. The next following columns list
he minimum makespan values obtained by HVNS, PSO, and AIS,
espectively. The RPI values of the minimum makespan for the
ompared algorithms are displayed in the following three columns,

espectively. The last three columns presents the computational
ime (time unit: second) consumed by the three compared algo-
ithms, respectively.

Fig. 10. Gantt chart of the obtained best sol
ed by HVNS for j130c5e10 instance.

It can be concluded from the compared results that: (1) for solv-
ing the ten harder problems, HVNS shows the best performance; (2)
the computational times consumed by HVNS for each benchmark
are obvious shorter than the other compared algorithms, which
verify the efficiency of the proposed algorithm; and (3) the pro-
posed algorithm obtains the best values for all of the instances,
which are obvious better than the other compared algorithms.
For example, for solving “j30c5e10”, the minimum fitness value
obtained by HVNS equals to 577, while the result collected by PSO

is 594, and 604 for AIS.

To check whether the observed difference from Table 7 is indeed
statistically different, we also carry out a single-factor analysis of

ution for j30c5e10 (makespan = 577).
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ariance (ANOVA). Fig. 8 gives the means with the least significant
ifference or LSD intervals (at the 95% confidence level), which sug-
ests that there is a statistically significant difference between the
roposed HVNS algorithm and the other compared algorithms. It
an be observed from Table 7 and Fig. 8 that HVNS results in a better
erformance for solving the given ten large-scale instances.

Fig. 9 gives the convergence curve of the average makespan for
he “j30c5e10” instance over 20 runs. It can be seen that the pro-
osed algorithm improves the average makespan very fast. Fig. 10
ives the Gantt chart of the best solution for “j30c5e10” obtained
y HVNS.

onclusions

In this study, a hybrid VNS algorithm combining the CRO and
DA is proposed for solving the hybrid flow shop scheduling prob-
em. A detailed encoding and decoding mechanism is developed for
he problem. The main contributions of the proposed HVNS are as
ollows:

1) To enhance the exploitation ability of the proposed algorithm,
a dynamic neighborhood set update mechanism is embedded
in the HVNS;

2) To avoid being stuck at the local optima and jump out of the
valley, a kinetic-energy-based neighborhood change approach
is proposed;

3) To utilize the global statistical information from local optima
solutions found by the VNS procedure and direct the search to
promising region, an EDA-based global search method is inves-
tigated in the HVNS.

The Carlier and Neron’s benchmark problems with different
roblem scales are tested to make detailed comparisons between
VNS and other efficient algorithms from the literature. Experi-
ental results show the robustness and efficiency of the proposed

lgorithm. Objective for further research are as follows:

1) To improve the local search ability of the algorithm and
enhance the balance between the exploitation and exploration
to increase the simulation result reliability;

2) To consider the problem structure, design efficient neighbor-
hood structures and increase the global search ability of the
algorithm;

3) To apply the proposed algorithm to solving other potential
applications, such as the HFS with preventive maintenance
activities, HFS with setup time, and fuzzy HFS problems.
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